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Fermi liquid and quasiparticles
Quasiparticle concept (Landau 1956, 1957)

electron-like QP

Fermi sea

hole –like QP

Fermi liquid - a system of interacting Fermi particles

Quasiparticle (QP) – excitation in a Fermi liquid, it
resembles an excitation in an ideal Fermi gas,
but not equivalent

Due to interaction with other electrons and ions, 
quasiparticle effective mass m* differs from
the free electron mass me 

In superconductors effective charge e* also differs 
from electronic charge e

)(2/2/ *2*2
FFF ppvmpmp Excitation energy

Quasiparticles have finite lifetime due to interaction with other electrons,
phonons, etc.



Fermi Liquid

 Fermi statistics

 Low temperatures

 Not too strong interactions

 Translation invariance

Fermi
Liquid

L.D. Landau, ”Fermi-Liquid Theory” 
Zh. Exp. Teor. Fiz., v.30, p.1058 (1956)



2. Substantial renormalizations. For example, in a Fermi gas

It means that
1. Excitations are similar to the excitations in a Fermi-gas:

a) the same quantum numbers – momentum, spin ½ , charge e
b) decay rate is small as compared with the excitation energy

BgTcn  ,, 

 Fermi statistics
 Low temperatures
 Not too strong interactions
 Translation invariance

Fermi
Liquid

are all equal to the one-particle density of states n .
These quantities are different in a Fermi liquid





Quantum corrections to 
conductivity

Two types of electronic scattering

elastic scattering, probability 1/t

Phase j of the wave 
function

)/exp( ti

inelastic scattering, probability 1/tj

t << tj
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- phase coherence
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Weak Localization
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Experiment

Cu  van der Dreis et al., PRL 46, 565 (1981)

Au  S. Dorozhkin, JETP Lett. 36, 15 (1982)

Z.Ovadyahu, Y.Imry 
PRB 24, 7440 (1981)

D.J.Bishop, D.C.Tsui, 
R.C.Dynes, PRL 44, 
1153 (1980)

2DEG heterostructures

a-InO
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Anomalous (negative) magneto-resistance



Aharonov-Bohm effect



With magnetic field H
j j  

O

Resistance is a periodic function of 
the magnetic flux with the period

o = h/2e



Metals with strong electronic scattering
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Effects of Coulomb Interaction





ее - interaction (interference)
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Impurity band
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Hopping conductivity



“Coulomb gap”
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Thermal delocalization
of carriers

Nearest-neighbor hopping

Variable-range hopping,
Mott law  ( > )T 
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Efros-Shklovskii  law  
( )T<

exp[ ( )/ )]  TE0

exp [ ( / ) ]  T TM
1/4

exp [ ( / ) ]  T TES
1/2

exp ( / )E T0

Mechanisms of hopping conductivity





The defition: metal    0
insulator    0

has a sense only at T = 0

T

n

insulator metal

Isolated point at the 
phase diagram

Metal-insulator transitions



Quantum particle in random
quenched potential

e

Anderson localization
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1. Mean level spacing    n Ld

2. Thouless energy ET = hD/L2 D is the diffusion const

. 
ET has a meaning of the inverse diffusion time of the traveling 
through the system or  the escape rate (for open systems)

dimensionless
Thouless

conductance
g = Gh/e2


L is the system size;

d is the number of

dimensions

L

g = ET / 

Energy scales (Thouless, 1972)



 )g
Ld

gd 
log

log

(g)

g

3D

2D

1D-1

1
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unstable
fixed point

Metal – insulator transition in 3D
All states are localized for d=1,2

E.Abrahams, P.W.Anderson, D.C.Licciardello, and T.W.Ramakrishnan, 
Phys.Rev.Lett. 42, 673 (1979)

Scaling theory of localization



Fermi liquid and quasiparticles

Quasiparticle concept (Landau 1956, 1957)

electron-like QP

Fermi sea

hole –like QP

Fermi liquid - a system of interacting Fermi particles

Quasiparticle (QP) – excitation in a Fermi liquid, it
resembles an excitation in an ideal Fermi gas,
but not equivalent

Due to interaction with other electrons and ions, 
quasiparticle effective mass m* differs from
the free electron mass me 

In superconductors effective charge e* also differs 
from electronic charge e

)(2/2/ *2*2
FFF ppvmpmp Excitation energy

Quasiparticles have finite lifetime due to interaction with other electrons,
phonons, etc.



2

Semi-classical electron transport (Drude-Sommerfeld)

xk

yk with electric field:
all electrons aquire drift velocity 
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Conductivity Density of states

Einstein relation for electric conductivity  : 
conductance as a diffusion problem

No current

Diffusion coefficient D = vl /3





Quantum corrections to 
conductivity

Two types of electronic scattering

Elastic scattering, probability 1/t

Phase j of the wave function

)/exp( ti

Inelastic scattering, probability 1/tj

t << tj

/tj

- phase coherence
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Weak Localization



Semiclassical description of electric conductivity
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At low temperatures conductivity saturates and has the value

Semiclassical approach should break down for small values of  l
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First experiments in 1981-1982:

Anomalous behaviour of resistivity of disordered metallic films –

no saturation at low T 

Cu  van der Dreis et al., PRL 46, 565 (1981)Au  S. Dorozhkin, et al.,
JETP Lett. 36, 15 (1982)



 2
r t tD  

Classical diffusion
Random walk
Density fluctuations (r,t) at a 
given point in space r and time t. 

Diffusion 
Equation

D - Diffusion constant

2 0D
t

 
  



  
  20 d

dV
P r t dV

Dt
 

Probability to come back 
(to the element of the 
volume dV centered at 
the original point)

Mean squared 
distance from 
the original 
point at time t



Andrei Markov 
1856-1922

•A. A. Markov. « Rasprostranenie 
zakona bol'shih chisel na velichiny, 
zavisyaschie drug ot druga ». Izvestiya 
Fiziko-matematicheskogo obschestva pri 
Kazanskom universitete, 2-ya seriya, 
tom 15, pp 135-156, 1906. 
•A. A. Markov. « Extension of the limit 
theorems of probability theory to a 
sum of variables connected in a 
chain ». reprinted in Appendix B of: R. 
Howard. Dynamic Probabilistic 
Systems, volume 1: Markov Chains. 
John Wiley and Sons, 1971.

Markov Chains



Does velocity diverge at
No because at times shorter 
than mean free time         
process is not marcovian and 
there is no diffusion

Diffusion description fails at short scales
Why?

Einstein: there is no diffusion at too short
scales – there is memory, i.e., 
the process is not marcovian.

t

D

dt

dr
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Quantum coherence: 
there is memory at large distances  



Diffusion description fails at large scales.
Why ?

There is phase memory at large distances 
in quantum case

Quantum corrections at large conductance –
weak localization



O

   j  j

WEAK  LOCALIZATION

Phase accumulated 
when traveling 
along the loop

The particle 
can go around 
the loop in 
two directions

Memory!

 rdp
j



t << tj - phase coherence

Weak Localization
without interference

|A1|2+|A2|2=  2A2

|A1|=|A2|=A

with interference  

|A1+A2|2 = 
|A1|2+|A2|2 +2|A1A2| =  4A2      ->

rL

rR

A1,2 are the quantum mechanical amplitudes 

to return to the point r by clockwise/
counter-clockwise propagation 
with equal phases   j  j

Conductance is defined by the probability 
of transmission from rL to rR (left to right)

Probability to return to the point r increases
=> Conductance is reduced 

r



   j  j

WEAK  LOCALIZATION

Constructive interference         probability to return 
to the origin gets enhanced        diffusion constant 
gets reduced. 
Tendency towards localization

Phase accumulated 
when traveling 
along the loop

The particle 
can go around 
the loop in 
two directions

 rdp
j
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without interference |A1|2+|A2|2=  2A2

with interference          |A1+A2|2 =

= |A1|2+|A2|2 +2|A1A2| =  4A2

Breakdown of classical diffusion



How to estimate the correction to the conductivity ?

For d = 3

Consider a film with thickness b 

and compare the phase-breaking length Lj with b

b < Lj => dimensionality d = 2

b > Lj => dimensionality d = 3

First, we introduce the concept  of dimensionality:

Typical size of a loop
providing the quantum 
correction is Lj
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Summary of main results

d = 3

d = 2

d = 1
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Lj  phase-breaking length:

tj  phase-breaking time



Exact result in 2D:
C. W. J. Beenakker and H. van Houten
Solid State Physics, 44, 1-228 (1991)

gs =2 is spin degeneracy, gv is valley degeneracy (relevant for semiconductors)

This review is uploaded to Canvas (see the Modul Additional reading)  
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Summary

The origin of weak localization: 
correction to the diffusion coefficient due to interference, while density of 
states remains unchanged  
(inter-electron interactions are not taken into account)



Effect of Magnetic Field

Weak Localization



t << tj
- phase coherence

Weak Localization
without interference

|A1|2+|A2|2=  2A2

|A1|=|A2|=A

with interference  

|A1+A2|2 = |A1|2+|A2|2 +2|A1A2| =  4A2
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Magnetoresistance

No magnetic field 
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Breaking weak localization by magnetic field

going around trajectory of area S
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low field regime Ωτ << 1,     Ω = eB/m is the Larmor frequency

all diffusive trajectories have different areas S

 weak localization is destroyed. 
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Phase difference j = 2 (BS/0)
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one can formulate  the condition of weak localization breaking 
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How to estimate the “breaking magnetic field”

Magnetic length and magnetic time 
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Aharonov-Bohm interference effects
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Phase accumulated when 
traveling along the loop

The particle can 
go around the 
loop in two 
directions

Resistance is a periodic function of the magnetic 
flux with the period

o = h/e



Aharonov-Bohm effect in the WL regime
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With magnetic field H
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Resistance is a periodic function of 
the magnetic flux with the period

o = h/2e
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Magnetoresistance of cylindrical films
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No magnetic field 
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L  is the length of the wire
A is the wire cross-section

Dephasing rate can be measured 

eBlDL

l

A
LR

LeR

R

B

B

2/

2

2

2



















jj

j

t



Echternach, Gershenson, Bozler, Bogdanov & Nilsson,

PRB 48, 11516 (1993)

jtTemperature dependence of
(from magnetoresistance)



Quantum corrections to 
conductance due to e-e 
interaction (the density 

of states effect) 





Dephasing due to ее – interaction
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Electrons diffuse and keep their coherence during time ee

typical distance during this time is Lee .
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Thouless energy

. 

ET has a meaning of the inverse diffusion time of the traveling 
through the system.
It determines the “phase coherent” energy interval around Fermi 
energy for a given system size L

2/ LDET 

    
T

D
DL eeee


 Using the expression for the 

dephasing length 

and replacing Lee by the system size L

we define the corresponding
energy scale, the Thouless energy



Exchange interaction

Consider two electrons in states 1,2 with orbital wave functions            and 

Total wave function

sign ‘+’ for total spin S = 0, sign ‘-’ for spin S = 1 
since the sum of the orbital (L) and spin (S) quantum numbers should be even

Average values of interaction energy                     are

 shifts of the energy levels

J - exchange energy



Exchange interaction and the density of states

Exchange interaction leads to the shift 
of the energy levels

 Effective “level repulsion” => Reduction of the density of states

This effect is realized only in the 
“phase coherent” energy range determined by   



Mean level spacing gLd

g is the density of states 

T
ee

~

~




     





h/

g( ) 

T1

F

gF

T2 >T1
| |F

The result of level repulsion -
correction to the density of states:

Altshuler - Aronov (AL) effect
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Quantum correction to the conductivity
due to e-e interaction

е-е interaction influencrs transport via correction to the density of states. 
The correction is proportional to the probability of e-e collision 
within time 

=> Altshuller – Aronov effect:  
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Influence of diffusion on the frequency of ее-collisions

ballistic regime
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This time constant τe controls the weak localization processes 
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Effect of Coulomb 
Interaction
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Hopping conductivity



Main characteristics of an impurity band 
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Abrahams-Miller net
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Basic ideas of percolation theory 

- The nodes are introduced which are characterized by concentration n
and  the radius  of interaction between  neighboring nodes  

- Percolation is the problem of global connectivity across the whole 
sample via connected nodes 

- In the case of electrons the interaction radius  is controlled by a B



Percolation theory: Random nodes

The percolation threshold depends on a number of 
nodes within the interaction radius  
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The number of nodes in a sphere with radius r

W          where n is the concentration of nodes

Numerical results for critical concentration n c
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Nearest neighbour hopping
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Variable range hopping: Shklovskii-Efros 
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