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Part 1: Quantum-well states. Coupled potential wells
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Quantum-well states in potential well: method 1

We proceed with calculation the energy of the U(2)
localized states for 'particle-in-the-box’ using
the formalism of scattering matrix.

We assume that we can find area inside
the potential well with (almost) constant |
potential. In this area there are two plane
waves of amplitudes a and b.

Reflection of electron at the left and right edges of the potential well corresponds to the
equations a= rib u b = r,a, therefore

’ ’
a=nb=nna or (1—rr)a=0.

Non-trivial solution (a # 0) exists only if 1 — r{r, = 0.

Since |, = |r{|€'*®, r, = |r,| €*%" and |r{| = |r,| = 1, the above conditions r{ r, = 1

can be written as a phase accumulation rule
’
argr, +argr, = 2mn.
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Quantum-well states in potential well: method 2

We calculate the energy of the localized )
states for 'particle-in-the-box’ using the
formalism of the scattering matrix.

For localized states the wave vectors inside E,
the barrier area should be imaginary: k; = i

n k3 = i%3.

The transformation of the solutions inside the left barrier:

a1€™% — ae 1" and  bye 17 — pye™*,
In order to avoid a divergency of the wave function deep inside the barrier (at z — —o0),

we have to put a; = 0.

The transformation of the solutions inside the right barrier:

2;€™37 5 2,677 and  bze "7 5 pye™7.
In order to avoid a divergency of the wave function deep inside the barrier (at z — 400),
we have to put b3 = 0.
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Reminder: structure of the scattering matrix

(2)=(2) (%)

The scattering matrix in our case (a; = 0 and b3 = 0)

by N\ _(r t 0
aa /) \t 1 0 )’
Non-zero solution exist provided that the coefficients of the scattering matrix have divergence

at certain energies.

In the other words, the localized states have energies at which the amplitudes r and t have
poles (singularities of complex-valued function).

Using the relationship
titp
(1 — r{rz) ’

we find that the poles of the transmission amplitude corresponds to the condition

t =

t=o0c0 and 1—rir, =0.
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Quantum-well states in potential well: method 3

We proceed with calculation the energy of the localized states for 'particle-in-the-box' using
the formalism of transfer matrix.

Under the conditions a; = 0 n b3 = 0 non-zero solution of the following matrix equation
(a)-( %)(3)
bl T21 T22 0

Tll - 0

exists provided

Since Ty; =1/t , the conditions Ty; = 0 and t = oo seem to be equivalent.
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Quantum-well states in rectangular potential well

We consider asymmetric 1D potential well of finite height
U atz< z
U(z) = Oatz; <z< 2
Usat zp <z< z3

The transmission amplitude for the double-scatter potential is equal (page 5)

4\/kyky\/kyks eilki—k3)zz g—ika(z3—2)

ROED +k) ) 1 (ky — ky)(ky — ky) ePala )’

Taking into account that ky = is; and ks = i are imaginary values, k, is real-valued
parameter, w, = z, — z; is the width of the potential well, we can find the poles of the
transmission amplitude

(ko + i201) (g + ise3) €72 — (kg — ey ) (ko — i323) €"2"2 = 0.

Since kp & iz = /K2 + 23 e E1/kR) and kg + iz = \[IE + 5Z TR R2) e

arrive at

kowy = 7rm+arctg% + arctg %, where m=0,1,2, ..
2 2
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Limiting case: rectangular quantum well with infinite barriers (U; — oo and Us — o0)

Since »; — 00 and 33 — 00, then arctg s, /ky, — w/2 and arctg 3/ ko — /2, therefore

kzwz:7rerarctg%+arctg%':Trererz =n(m+1), m=20,12 ..
2

, 2 72

or
Rk wh2n?

fowe =m0 = = T e

where n=1,2...
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Quantum-well states in parabolic potential well

We can write the potential energy in the form U(z) = mw?z?/2, where w is the frequency
of oscillations. The stationary Schroedinger can be written as follows
B d*y  mw?Z?

o S+ T u(2) = Eu(2).

We will find the solution by the method of trial functions.

2 . .
1. Let us assume that ¥(z) = Ae™* /2, where A and b are fitting parameters. It is easy
to see that

2
%:Ae_bzzﬂ-(—bz) and Y —Ae ¥ - (—bz)? —|—Ae_bzz-(—b).

dz2

After substitution we get

2 2 2 2
,;LmAeszz/z (sz)2+§—mAe’bzz/2b+ %Ae’bz Ry
or h2b2 h2 mwz ,
—S P4 b+ TP =E
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In order to exclude z-dependence in the latter equation we have to put b = mw/#, therefore

¢(Z) = Ae*mWZz/(zﬁ) — E= Lz b= hw 1
2m 2°

2 .- . .
2. Let us assume that ¥(z) = Aze %, where A and b are fitting parameters. Repeating
all calculations, we get

P(z) = Aze ™2 /CN o E =y %

3. Finally, we come to the conclusion that

¢(Z):AHn< /%Z) efmwz2/(2h) EES E = hw <n—|—%>7 n=0,1,...

where H,(z) are the Hermite's polynoms of the n-order:
Ho(2) = 1, Hy(2) = 2z, Hy(z) = 42* — 2, H3(z) = 82 — 12z etc

Main conclusion: the energy spectrum for a particle in the parabolic potential well is
equidistant!

Alternatively, you may solve the Schroedinger equation using special mathematical functions
and prove this solution.
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Quantum-well states in parabolic potential well:
numerical simulations
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Landau problem for the electron in uniform magnetic field*

see lectures of Prof. Irina Bobkova on magnetism

The stationary Schroedinger equation for the electron in uniform magnetic field described
by the vector potential A has the form

[ (b 2A0)" - B0 + ()} ) = E0(0),

2m

where 1 is magnetic moment and (r) is local electrical potential. For simplicity take
p(r) =0.
Uniform magnetic field B = Be, corrsponds to linearly increasing vector potential. Assume

Af(r)=—-B-y, A/ (r)=0 and A,(r)=0,

then the Schroedinger equation can be rewritten in the following form

a2

1/ e \? By p: R _
5 (Bt S By ) w(r) + 250(r) + 2 0(r) — pBY(r) = EV(r).
Due to the symmetry of the problem, we can find the solution in the form

b(x,y,2) = PPN £(y),

corresponding to the conservation of x- and z-components of momentum.
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For the auxiliary function x(y) there is a simpler equation, which coincides with the
eigenvalue problem for a particle in the parabolic potential well

K2 d2X mw? 2 ,
- T A - — = F
where ,
CPx eB / K Pz
= - = — E'=E+ ~0B— .
Yo eB” YT mec and + s 2m

Based on the considered solution for the particle in the parabolic potential well, we
automatically conclude that

E':hw(nJr%), n=0,1,...

therefore the full energy is equal to

2
E=tw(n+i)-FoB+ P n=o1,. .
2 s 2m

The fact that E is independent of y, (or p,) means that there is degeneracy of all localized
states (so-called Landau levels) of infinite order.
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Research project 2: particle-in-the-box problem

We can write the Schrédinger equation in the dimensionless form:

— d0(2) + Uleiz) = Ev(a), )

If we introduce an equidistant grid (z;, z,, . . ., zy), then the problem (*) can be rewritten
in the form of finite-difference equation

1/1,1—1 - an + wn+1

+ Unwn = Ewnw (**)

where ¢, = 9¥(z,), U, = U(z,), and A, = z,.; — z, is the interval between neighbour
points.

The eigenvalue problem (**) can be formulated in the matrix form

Py Py
N2 (0%
L : - : ’
Yy Uy

where [ is square matrix (size N x N), and (1, ...4n) is the vector to be determined.
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The matrix of the finite difference problem [ = [; + [, is a combination of
three-diagonal matrix

A/AZ —1/A2 0
—1/A2  2/AZ  —1/AZ 0

L= : : : : ’
0 -1/A2  2/AZ  —1/A2
0 ~1/A2  B/A?
and single-diagonal matrix
Ui 0
0 U 0
L= : : :
0 Uv-1 O
0 Un

Constants A and B depend on considered boundary conditions:
A =1 and B =1 for zero-gradient boundary condition (1" = 0 at end points),
A =2 and B = 2 for zero boundary condition (¢» = 0 at end points).
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Strategy: we have to diagonalize the matrix L, thus we get the set of the eigenvalues E,,
and the eigenfunctions 1.

Matlab built-in function: [eigenfunctions, eigenvalues] = eig(L),
where eigenfunctions and eigenvalues are N x N matrices.

Python built-in function (import packages numpy and numpy.linalg):
eigenvalues, eigenfunctions = numpy .linalg.eig(L),
where eigenfunctions is N x N matrix, while eigenvalues is N-element vector.

Potential problems for analysis:

1. Calculate the energy spectrum for double-parabolic well U(z) = (|z| — zp)?. Using the
calculated dependence Ey(z), consider the appearance of bulk and surface superconductivity.
2. Calculate the energy spectrum for a particle localized in rectangular potential well.
Analyze the dependence of the error on the grid size and the number of the quantum level.
3. Find the energy spectrum for a particle localized in triangular and semi-triangular
potential wells numerically and analytically using Bohr-Sommerfeld quantization rule.

4. Calculate energy spectrum and wave functions for a particle localized in a cylindrical
quantum well.

5. Calculate the energy spectrum for a particle localized near the edge of the semi-infinite
periodic potential.

6. Calculate the energy spectrum for a particle localized near metallic surface taking into
account the Coulomb-like image potential.
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Quantum-well states in coupled potential wells*

We would like to calculate the
energy spectrum for a particle
localized in the coupled potential
wells.

We use a formalism of scattering
matrix

Scattering at the left and right edges of the complex potential well:

a=rb and d=nc.

These two equations can be rewritten in the form of a matrix equation for the effective
states

a rn 0 b N b N rn 0
= = Sef > where eff =
d 0 n c c 0 n
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Scattering at the central (separating) barrier §,

(0)=(2 2)(5)=5(

By merging two matrix equations, we get

a A b A oA a A A a
<d>= eff(c>: eff50<d> or (Seffso_l)(d)zo-
The criterion of the existence of nontrivial solution: det (§eﬁc§0 -=o

To get further, we assume that the potential is symmetric [U(z) = U(—z)], therefore
ro = 1§, to = t§ and

§ _ ﬂeiargro \/ﬁeiw/2+iargro :eiargro 1775 I\/7T0
0 \/7Toei7r/2+fargro meiargro I\/TO m )

where 7Ty is the transmission coefficient through the cental barrier. Due to the inversion
symmetry r{ =1-¢'°8" and r, = 1- &' %", therefore

& iargr 1 0
Sr=¢e'"" (0 1)-
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Since
§ § i e/ arg r+iarg ry 1 — 76 —1 e/arg r+iargrg i /76
eff 20 — 1 = i i . i i 5
elarg r+iargrg i /76 e/ argr+iargrg /1 _ 7(—) -1

the criterion det (S5 - S — 1) = 0 is equivalent to the condition

2

. . 2 . .
(elargr+largr° m_ 1) _ (elargr+largr° /\/776) =0 wAn
efiargrfiargro _ /1 — 76 4 /776
Taking into account that /1T — 7, + iy/T, = e/ (VTo/v 1_70), we get

=
argr +arg ry = 2mn & arctg ——> ~ 270 ++/7;, npu To < 1.

V1=T,

Expending this sum into a Taylor series

d
argr 4 argry =~ <arg O 4 arg ré0)> + JE (arg rO 4 arg réo)> £ . (E - En(o)),

we get the following estimate for energy of quantum-well states

J _
E ~ E,(,O) +6E,, rme J6E,= \/77-0":_7,:_(0) {d7E (arg O+ are réO))E—E(")}
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b) 12 T
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4 4
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zf/w

z/w

The deeper the non-perturbed energy levels, the smaller the energy splitting is, and vice
versa.

Important to note that there are symmetrical and antisymmetrical solutions, describing the
localization of a particle in coupled potential wells simultaneously.
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Simple estimate of tunneling rate

We consider two potential wells of the same shape. Let wf,o)(z) be the non-perturbed wave
function corresponding to the n—th energy level of a particle in the right potential well
without taking into account tunneling between the potential wells.

In the limit of low-transparency separating barrier (7, < 1), the wave functions of a
particle at the n—th level in the coupled potential wells can be viewed as symmetric and
antisymmetric combinations of non-perturbed wave functions wf,o)(z) for the right well and
1/15,0)(72) for the left well.

Let ts,m(2) be the symmetric solution corresponding to the ground state of a particle in
double-well potential with energy E = Ey — 6 E,

Gam(z) = U (@) + U0 (=2) and Wy (z,1) = [U0(2) + 00 (~2)] - e BRI,
where Ej is the ground energy for isolated potential well.

Let 1,5,m(2) be the asymmetric solution corresponding to the first excited state of a particle
in double-well potential with energy E = Ey + §E,

Gam(2) = ¥ (2) = U0 (<2) and Wopn(z,1) = [U0(2) = 9 (~2)] - e ORI,

We emphasize that the wave functions W, ,,(z,t) and W,,,,(z, t) are stationary solutions
and they describe the localization of a particle in two potential wells simultaneously.
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In order to estimate the tunneling rate without considering the time-dependent Schrddinger
equation, we compose a linear combination of stationary wave functions W, (z,t) and
W,om(z,t) in such a way to describe the localization of a particle at the right potential
well at t =0

Wz 1) = 5 {Vonlz0) 4 V(2. 1)} =
_ e—iEot/h% {¢30)(Z) (eféEot/h + e—iéEot/h) + 1/)(()0)(—2) (ei6Eot/fz _ e—i&Eot/h)} .

Using trigonometric formulas we rewrite this relation as follows

V(z,t) = e Eot/" {zpéo)(z) cos (5E}§ t) + i (~2) sin (6E£ t) } .

If the particle at t = 0 was located in the right well, then it will be at the left well after
time interval wh/(2dEp). Such changes are periodic in time.

Typical frequency of a particle relocation between wells can be estimated as

w:L?oc\/ﬁ.

The tunneling speed depends exponentially on the transparency of the barrier: the lower
the level of the localized state in the potential well, the lower the frequency of oscillations.
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Part 2: Quasiclassical approximation. Boundary conditions
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Reasons to study quasiclassical approximation

@ Scattering problem in an inhomogeneous potential of arbitrary shape does not have
an universal analytical solution unlike from piecewise potential.

o Exact analytical solutions for a piecewise potential seem to be useless for describing
real systems. For example, according to the Ohm’s law the electric potential should
be linearly increasing function for systems with constant current

i,

j=-0Ve = ="

This circumstance prevents the decomposition of the complicated potential into the
sum of localized scatters.

@ The transition from smooth potentials to a piecewise functions allows us to solve
scattering problems numerically using transfer-matrix approach (research project 1).
However, such the discretization could lead to unphysical oscillations of the reflection
and transmission coefficients as a function of energy.
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Wentzel-Kramer-Brillouin (WKB) approximation

We consider one-dimensional stationary Schrodinger equation

B d%*y
“omr 4z T U(2) ¢ = Ey,

which is a second-order linear differential equation with variable coefficients.
Such equation has no universal analytical solution.

Terminology:

classically accesible region classically
forbidden region
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After the change of variables ¢)(z) = exp(iS(z)/k) in the Schrodinger equation
n
vy U(z) ¥ = Epv,

T 2m* dz2

we get a new differential equation for unknown function S(z) (also known as an eikonal)
1 (dS\* in (d’S
=2 - T2 2 F - U(2).
2m* (dz> 2m* ( dz? ) 1=~ V)

Assuming that the quantum system under consideration is close to classical one, we will
look for a solution in the form of a series in powers of 7, formally considering 7 as a small
parameter:

S(2) = So(2) + 1 Sy(2) + (’:‘)2 S,(2)+

In the zeroth order of the perturbation theory we obtain

2m* \ dz dz

The zeroth order equation dSy/dz = + p(z) can be easily integrated
So(z) = /p z)dz.
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In the first order of the perturbation theory we obtain

dsds, 1S, dS_ 1S5 1
dz dz 2 dz2 dz 2S5, 2 p(z)’

By integrating the latter equation, we get

Si(2) = f% / [:((zz)) dz = f% Inp(z) = —In/p(2).

Thus, we come to the following expressions for the eikonal
5(z) = So(2) + ? Si(2) = :I:/p(z) dz + i In/p(z)
and for the set of linearly independent solutions of the Schrédinger equation
W(z) = exp (iS(z)) — exp (iso(z)) exp <i h Sl(z)> -
h h hoi

_ ;(z exp (iiii / p(z)dz).
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It is important to consider two cases.

L.If E; > U(z) in a certain region, then the classical momentum p(z) =, /2m*(E, — U(z))

is real-valued function of the z-coordinate. This region can be called as classically allowed
area. In this area the first-order WKB-approximation is a linear combination of the two
nonuniform travelling electronic waves:

G i G i
0(e) = 2 e (1 [ plaoe) + —Z e (1 [ ple)az).
o(2) h p(z) h
where C; and G, are constants.

2. If E; < U(z) in a certain region, then the classical momentum becomes complex-
valued function of the z-coordinate: p(z) = i|p(z)|. This region can be called as classically
forbidden area. In this area the first-order WKB-approximation is a linear combination of
the two exponentially decaying functions:

G 1 G 1
v = e ([ Ip@de) + e (< [ Iptalez)
VIp(2)] h V1p(2)] h
where C{ and C; are constants.

The main problem is how to determine the coefficients C;, G, C{, and G;.
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Criterion of applicability of the quasiclassical expressions

Zeroth order of perturbation theory:

W(z) = const - exp (i% / p(z)dz) .

Zeroth and first orders of perturbation theory:

Y(z) = cz;n(szt) - exp (:té /p(z)dz> .

Zeroth, first and second orders of perturbation theory:

= e L G e (s )

where F(z) = —dU/dz is classical force acting on a quantum particle.

Criterion of applicability: accounting of the higher-order terms is excessive provided that

F(z)

P3(2)
This means that the quasiclassical expression are not valid near the turning points, where
E, = U(z) and the classical momentum of the particle p(z) is close to zero.
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Matching quasiclassical expressions near turning point (1)

We compare the WKB approximate solutions in classically accessible and forbidden regions
with the exact solution:

U(z)

validity of linear
approximation L
<+

validity of WKB (2(pressions validity of;NKB expressions

E +(dU/d2)0- (2 —2) 2

Near the turning point z = z, the potential energy U(z) can be linearized
dU
U(z) ~ E + (E) (z — 2)-

%0

The Schrédinger equation near this point can be written in the form of Airy equation

d2 o2m* d2 2m* | dU
%"‘ ;; (B -U@)y=0 = Tgf—f'dizoa 52(2—20)\3/;; Ezo.
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Model Airy equation )" —
the following asymptotes

oo u3 Y 1 exp (_253/2/3) /2 at £ — o0,
/cos( f) ‘e Ve ) sin (—253/2/3+7r/4) at £ = —oo;

/{exp (—% + uﬁ) + sin (%3 + u{)} du =
0

1 exp (253/2 /3) at € — oo,
IRYGEER . cos (7253/2/3+7r/4) at & - —oo.

& -1 = 0 has two independent solutions Ai(§) and Bi(¢) with

Ai(§) =

e

=n-—a

Alexey Yu. Aladyshkin

Tunneling phenomena in solids. L-2

July 16, 2024 (BIT, Beijing) 31/38



To be specific, we consider the case when the forbidden region is to the right of the turning
point, and the allowed region is to the left:

U(2)

validity of linear
approximation

validity of WKB expressions
<t

E, + (dU/dz).o - l(Z —2) &)

In this case the solution of the Schroedinger within the region with the linear approximation
should be Ai(£) function.

The correspondence rule for asymptotes of the Ai(&) function

1 1 2 4
B — _— t — —4
by oo (5€7) o
1ot (<2824 T at £ oo
v ST\ 3 |
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WKB solution to the right of the turning point in the classically forbidden region in the
domain of applicability of the linear approximation is

/

z -1/6
__ G 1 _ — G 2 3/2)
Un(z) = s e ﬁ/muww Gmh(ﬁ)%) @MWP(3§ :

WKB solution to the left of the turning point in the classically accessible region in the
domain of applicability of the linear approximation is

G i G i
1(z) = ex — z)dz exp | —— x)dx | =
we) = = o h!M) w2 e | [ o

0 %0

—1/6
. " du G 2 . .3/2 G 2. .32
= <2m h(dz)zo> {W exp (—§I|§| + |£|1/4 exp §I|£| .

In order the expression );(z) has the form of standing wave sin (7253/2/3 +7r/4) and

thus coincides with asymptotic expression for the Airy function at £ — —o0o, we need to
assume C; = —Co e~ "™*/(2i) and G, = Gy ™/*/(2i). As a result, we get

—-1/6
* ﬂ Co . 7% 3/2 E
Gmh(w)%> e (3074 5):
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Correspondence rule between exponentially decaying solution in the forbidden region and
standing wave in the accessible region

1 1 /
= exp{ —= [ |p(2)| dz at Ej<U(z) =
2 VIp(2)| h
1) / w 1 1] n
sind —= [ p(z2)dz+ — 3 = cos ¢ — /p(z) dz 4+ — at E; > U(2).
Ve@ T h Ve i
0 0

The correspondence rule can be written in the form regardless on the particular location
of the forbidden region (to the left of to the right from the turning point)

% ! exp ‘/ at E” < U(Z) —

‘/ dZ - = at E” > U(Z)
Vp(2) h
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Reminder: the sign of the absolute value is defined as follows

a if a>0,
|a] =

—-a ifa<o,
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Matching quasiclassical expressions near turning point (2)

Now we consider the case when the forbidden region is to the left of the turning point,
and the allowed region is to the right:

U(z)

validity of linear
approximation
S

validity of WKB expressions validity of WKB expressions
< >

z B+ (dU/dz)z0 - (2 — zy)

We assume that there is a solution in the form of nonuniform travelling wave in the
classically accessible region (z > z, and £ > 0). Such the solution corresponds to a linear

combination of the Airy functions Ai(—¢) and Bi(—¢)
1 exp (—2¢%/2/3 at £ — —oo,
PAI(=8) + Bi(=8) = —=r777 % ( . ) .

Vgl exp (2/&3/2/3+17r/4) at £ — +o0.
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In the other words,

1 .2 .
Wexp<1§£3/2+lz> at £ — +o0 —

W exp (7253/2) at & — —o0.

Quasiclassical solution in classically accessible region in the domain of applicability of the
linear approximation is

z

bnlz) = —2— exp ;;/p(z)dzﬂ% _

vV P(2)
awy \ 7 ¢ 2
= * habatl -1 £ . ¢3)2 -
_<2m h<d2>zo> gi/a exp(3l£ +I4>:

where the phase shift 7w/4 is introduced for convenience.

%0

Quasiclassical solution in classically forbidden region is

!

z —1/6
-G 1 ~ (2mr (4Y G o2 3/2)
¥i(2) ()] exp h/|P(X)| dx | ~ <2m h ( dz)z0> HEE exp( 3 1
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Correspondence rule between travelling wave and decaying solution

exp LL/p(z) dz + i% npm E; > U(z) =

%0

p(2)

! Xp %‘/p(z) dz‘ npu E; < U(z).

Nroh
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