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Outline of mini-course

o Microscopic BCS (Bardin-Cooper-Schriffer) theory of superconductivity
X Formalism of Bogolubov- de Gennes equations

X Andreev reflection, Andreev bound states

X NIS interface, Blonder-Tinkham-Klapwijk Formalism

https://mezo-mipt.ru/schools/5/en



Requirements

¢ Differential and integral calculus, including calculus of variations

¢ Basics of quantum mechanics including the second quantization
formalism

+* Basics of solid-state physics
+* Basics of thermodynamics

+* Basics of electrodynamics



Outline of the 1st section —theoretical background

** Landau Fermi liquid

** The Cooper problem

¢ The BCS model

¢ The Bogolubov-de Gennes equations
¢ The self-consistency equation

** Observables



Landau Fermi liquid: ground state

Maximal energy of electrons in the ground state

Er

Wave function of a free particle in a box

p(r) =

e-ikr

S

Periodic boundary conditions

Y(z,y,2 + L) = ¢(z,y, 2)

, pikel _ pikyL _ giksL _ q
Wz,y + L, z) =iz, y,2) . 21N, I 2mn,, . 2mn.
Uv(x+ Ly, z) =¢(x,y, 2) S /Y SR

Number of states in real volume V and k-space volume ()

) Qv
Niy = 3 3
(2m/L)*  (27)
Fermi momentum
.3 k*3
N = V 47?‘[1,1; — n — _F

(2m)% 3 372




Landau Fermi liquid: quasiparticles

Two-stage process of creation an excitation:

l. A removal of a particle out of the state below EF.
Result: a hole excitation with €1 = Er — E;

Il. Adding a particle to a state above E
Result: a particle excitation with €2 = E» — Ep

©TOo

Thus, for isotropic system the quasiparticle spectrum is:




Landau Fermi liquid: quasiparticle lifetime

Pauli principle:

Scattering of quasiparticles

All the momenta are close to the Fermi surface = p, = p1,p, = p, =
p1 +p2 = py + )
Since p,, > pp, we have
pr=p1+p2—py <prLtp2—pr

CO<h e < (n =) + (2~ 1)

Therefore,

Momentum conservation:

pL > Pry P2 < Pr, Py > D, Py > Pr
p1 + P2 = p; + Ph

The probability of the scattering process:
P = 2m / M6 (pf +p5 —pf — ;U.’_;")) §(p1+p2 — pp — ps) d"pad"pl d"p)

— 2';!1/11—1'(5 [})i) +p3—pf —(pL+p2 — p”l)'] d"ps d"p}

On the other hand,
pr —p2 <p1—p; <p1—Dpr

thus




Landau Fermi liquid: quasiparticle lifetime

P1-pr - rpvepe)H(p2—pr) |
P /d-,ug dp, = / d(pp — pg)/ d(p, —pr)
0 0

P1—Pr . . . 1 5
= / ((p1 —pr) — (pr —p2) dlpp —p2) = = (p1 — pr)”
]

The coefficient of proportionality can be established from the dimensions

o3 (o1 — pr)’ €

hE; T hE;

P —~J

This means that uncertainty of the quasiparticle energy de ~ hP is small com-
pared to the energy if ¢ <« Ep, i.e., near the Fermi surface. In other words,

quasiparticles are well defined only near the Fermi surface.




Landau Fermi liquid: Hamiltonians for particles and holes

One-particle Hamiltonian for particles:

. 1 , e 2 _
H = — (—mv - ;A) L U(T) —

2m

Hote p(1) = eptie p(r)

What is the one-particle Hamiltonian for holes?

H,(—p) = H;

L1 e . \?2
A= — (mv . ;A) 4 Up(r) — Ep
Hve p(r) = —epve p(r)




The Cooper problem

O Assume pairing correlations between electrons p and —p’ = —p
Annihilating the pair we annihilate electron p and create hole p’ m=m)

correlations between them should exist

; / . & —ip -r/hyr*
_, . apr/hy; 21 — P Y/NY,
u.p(r) =5 / L-p Upr (I‘) € Ip
The pair wave function is

Wg&ir(rl?rz) — -u.p(rl)'z,!;;(rg) — Gip-(rl—I‘z_);fh[/fp[,ﬁ;

The linear combination with various p gives the coordinate wave function

o (v )
Jpair (1‘1,1‘2.) _ E o'P (rq I'z);ﬁ,ap
P

—JT7 /*



The Cooper problem

H.(ri) + Hp(rs) + I-T-"(rl,rg)} PP (P py) = BEUPY () 1)
or, in the momentum representation,

2ep — Eplap = — Z Wp.p1Gp,
P1

where

} Cilb—b1)r /B rrr 3
Wpp, = / e PRI (x) dr

Assume that

T { W, € and e, < E.
Vpp1 =
0, €p OF €p, > E

where F. < Fr. We have



The Cooper problem

(.i'.-p — E——QEP ; ”"P]

Let’s solve this integral equation:

. C
C =W Z Fa,
P

where €' = Z‘p ap: the sum is taken over p which satisty e, < E.. This gives

—_Z —2€pE (£)

®(E)

2€,
2€n

-

e




The Cooper problem

For an attraction W

< (0 we have

1

|I ’
A/

We substitute the sum with the integral

where e, = p*/2m. As a result, fo

1 /E‘-" mp dep A
W~ Jo 272h%2ep —E

5= [ ey = [ s
== — 7 e
an? 27?273.‘; P

r negative energy E = —|E)|
o) -
¢ de N
/(0) / = Q) In
o 2+ |E]| 2

|E| +2F,

|E]

For weak coupling, N (0)|W

For a strong coupling, N(0)|V

2/NO)W[ _

E| =

e find

|E| — QECG—Z/]\-T(U_HWW

|E| = N(0)[W|E.

)



The BCS model: Hamiltonian

Creation operators for electrons at point r with spins T, {:

> :”YLTU;,(I') - ”ynwn(r):

n

S un (1) + yarva (r)

n

vt =

Tir)) =

U(r,a)¥(r',8) + ¥(r',3)¥(r,a) =
Ut(r, )0t (r', 3) + UH(r', B)TT(r,a) =

Il (r,)¥(r',3) + ¥(r', 3)¥' (r, a)

Tn,aYm,3 + Ym.3Vn,a0 = 0
; h A , _
’}-:E,,ccf}m,;fj’ + f}-)n,,;'j”}":rl,a = 0
’Y-:E, atm,j + Ym, s ’Yl:a — 5(1;’_'7’ 5m n

Bogolubov transformation

Oasd(r —r')

Z' [ (t)un (') + vl (2o, (r)] = 6(r — 1)

n

Z. [‘?L:(I‘)?Jn (rf) B ?"’Tz (r’)@n (I‘H =0

n

— =

If the state is specified by a wave vector q such that ug,vq x e"?", we have

dliq
> 7 | G
(2
n
and the completeness condition becomes

/(Zd;% [u;(r)uq(r') + 'z::;(r')'z;q(r)} =d(r—r1')



The BCS model: Hamiltonian

H = Hrin + Hint

~ V
Hiin = Z/d?”rllﬁ(r, a)H . ¥(r,a) Hint = —;Z/d3r‘PT(r,a)lIJT(r,ﬁ)lIJ(r,,B)‘If(r,a)
o o, 3

Define an effective mean-field Hamiltonian:
Hepp = / Pry {qﬂ(r, Q) H,U(r, o) + Ur) T (r,a)¥(r, 04)}

*/ A (A @) (2, )T (r, ) + A ()T (r, )T (r, 1) + Ho(r)]

How to find right quasiparticles and effective fields U(r) and A(r)?

(1) This Hamiltonian is diagonal in the new operators 7, , and ~}

’He]' f = Eq + Z 6?1’}'; aTn,a
o — | (Heps) = 271> <L’Z [Herrl *@r‘fk><lXp(Ek/T) -
’ k
(2) The statistically averaged energy (Hesr) has a minimum at the same Heoprtor = Epiy

wave functions as the average energy of the true Hamiltonian (#). Moreover,

these minimal values coincide. 7z — E exp(—Ey/T)
k




The BCS model: Bogolubov - de Gennes equations

To find right wave functions of quasiparticles let us try to fulfil condition (1):

Hopp e )] = = [H+U@)] 1) - AT () Hetsr Mol = —€n¥n,a
Herr, ¥(r, )] = —{ﬁﬁ(f(r)} U(r, ) + AT (r, 1) Herrmhal . = eV
Substitute Bogolubov transformation here \ /

And compare

We obtain the Bogolubov - de Gennes equations:

[ﬁe + U(r)} u(r) + A(r)v(r) = eu(r) Q ( :)L: ) — on ( ZZ )
— B+ U@ o) + A" @u(r) = ev(r) G - ( ﬁeAt u _[ﬁ?+ ” )

Orthogonality condition:

[ (5t (1) + 05, (20 ()] P = Gy

[ 1 (s () + 0, e ()] P = (2t — )



The BCS model: Bogolubov - de Gennes equations

Important properties of the Bogolubov — de Gennes equations:

(1) If the vector

u.
( " ) belongs to an energy ey,

a1
Un

then the vector

s
v,
( ", ) belongs to the energy — €,

(2) The Bogolubov — de Gennes equations conserves
the quasiparticle flow:

divP =0

P = (—?Zh.V _ ;A) u+ (?ﬁhV _ ;A) u*

—* (—*ZE.V - SA) v — v (*z'hV -4+ SA) v*
c c



The BCS model: the self-consistency equation

To fulfil condition (2) we write

> / d3r<‘I'T(r,a)ﬁ€111(r,a)> (T (r, 1) (r, 1)) #0 and (T(r,|)T(r, 1)) # 0
: due to the Cooper pairing, while
(@H(r, )T (r,1)) =0 and (¥(r,|)¥(r,])) =

because pairing occurs for particles with opposite spins.
Assume also that

(lI'T(r,T)\II(r7¢)> =0 and (lI!T(r’“q;(r7 T)) —

due to the absence of magnetic interaction.

_%Z/diir(xpT(r,a)xpT(r,b’)lll(r,.b’)‘l’(rﬂ))

According to the Wick’s theorem:

(BT (ry, )T (s, B)U(r3,7)¥(ry,d)) =

(1 (x ¢ )wrm»@( ) (rs, )
+<‘PT(I‘13 & r’lv ><LI’T rZa* r‘ijf}f)>
- (‘I’T(rl, a)¥(rs, ) )(llﬁ (r2, 3)¥(r4,4)) Z(‘I’T( )l (r, 3)¥(r,3)¥(r,a)) =

o,

Then the Wick’s theorem gives:

(T (e, T (r, 1)) (T(r,|)T(r, 1))

Ao AA. Gorkov, LP. and Dayaloshinski. LE. (1964) + (T (e, DT (2, 1)) (T (x, D) T(r, 1))
rikosov, A.A., Gorkov, L.P. and Dzyaloshinski, I.E. ; | fo |
Method of Quantum Field Theory in Statistical Physics. + Z (T (r,0) ¥ (r, ) (T (r, )T (r, )
Prentice-Hall, New Jersey.

- Z lIfJ'(r )

(r,3)) (¥ (r,8)¥(r,a))



The BCS model: the self-consistency equation

Using the anticommutation relations we obtain:

wammv%ﬁwuﬁwuﬂ»::Mwmﬁwmuﬂ(mwum

o3

The variation of the true energy:

Z/digr(5<‘lﬁ(r7a)ﬁg‘ll(rja)> 0 (Hesr) Z/d ré {¥1(r,a {H +U(r )] U (r, )>

o (H) =

+2 (¥ (r, )W (r, 1)) (TH(r, 1) ¥(r,}))

The variation of the effective energy:

_v’/d“?" (02 (&, T (r, 1)) (T (r, ) T(r, 1)) +fd3r [A(r)d (T (x, T (r, 1)) + A ()3 (T (x, 1) (r, )]

n <\IJT(r, T)‘I’T(I‘,in (6 (U(r, i)‘I’(P,T)m
_V/'diir (6 (T (r, ) ¥(r, 1)) (TT(r,})T(r,]))
U (r,1)))]

+ (¥ (r, 1) ¥(r, 1)) (6 (¥ (x

~N

Compare and obtain the self-consistency equations:

A% (r)

w):4wwmmwnm:—vwmwwmu>
Ar) ==V (¥(r,)¥(r,1)) =V (¥(r,1)¥(r,{))
:—vmmij<¢» V(¥ (r, )T (r, 1))




The BCS model: the self-consistency equation

How to calculate averages in the self-consistency equations?

Ulr) = V(TN (x, 1) T(r,1)) = V(T (r, ) T(r,]))

A(r) = =V {B(r, )W(r, 1) = V (¥(r, )<,¢)>
A(r) = V()2 (e, D) = V(T )T (e, 1)
To do this we use:

b aAms) = Gpmbasfn
(matms) = {Ahath ) =0

where f,, is the distribution function.

The resulting self-consistency equations take the form:

In equilibrium, it is the Fermi function

1
fn -

_1 Z 1_fnT frli,)?frz
ecn/T 41 A¥(r) =V Z (1

= -V Z |2y, (T

_12

an, Un

r)v, (r)

— fnt — f-nl) Uy, (r)vp(r) =V Z (1 —2fp) uy(r)v,(r)
| frn =+ |vn(r )| (1 - fn”




The BCS model: electron density and final form of the Hamiltonian

The electron density takes the form:

??,:2<KPT(I‘,T) r,7) —ZZ |up (T |fn+|?n()|2(1_f”ﬂ

It is a combination of

a particle contribution a hole contribution
ZZ|U!1 | ffl ZZ|?‘N fn)
The average energy of the state with effective field A(r) The final form of the effective Hamiltonian:
. A(r)[?
A A N L% )+
Hy, = [ d° <\Iﬂ“, H, ¥ r, >—| eff = r (r, ) HW(r, o >
= [ [Z (v o) A0 (r.0)) — 120 i

b [ (A )W 04+ A @)U e )]

Including the effective field U(7) into the chemical potential we obtain the final form of BDG equations:
J 2
- (V — —A) u— Epu+ Av = eu

h” e ’ .
— |\ V+ —A)| v+ Erv+Au=e€v



The BCS model: Observables. Energy spectrum and coherence factors.

Consider a homogeneous superconductor with no magnetic field: A\ — |A|@i¥

eu(r)

[ h” e ,L] u(r) + Au(r) =

2m

_ [ n v2 _ ,L] v(r) + A"u(r) =

2m

ev(r)

We look for a solution in the form:

EqUq +|AlVy = eqUq B2 .
. ! 2 kz

2m

s

The system has a nontrivial solution if

cq = i\/&’i N

€ > 0 gives the eigen energies of
quasiparticle states

1/2 1/2
T 1 gq 1 gq
Ug=—7|1+=—= , Vg=—7=1[1-—= - th h f

/2 NG the coherence factors

i=h'k%/2m

z . i .
1 — pSXJT AT =X iaT
u=e2 Uqe™" ,v=ce Vqt

[

the Cooper pair size:
¢ € ~ hop/|A

A .
holes ) particles
\

v >

P P

de

d(hq) —

Quasiparticle group velocity:

F.E— AE

/62 — A 2
= :l:?_.?ﬁ'

¢ = k% + (2m/h?)

hg & &

9= = Ur
m [e2 A2 [¢2 A2 €
(g T 1A {q T 1A



The BCS model: Observables. Density of states (DOS).

dn s (q)
de

For e > |A N(e)

Moy (f’j) - is the number of states per unit volume and per spin
for particles with momenta up to Aq

d [ § - e
de \ 372 ]| 2#2

My €

€
. ~ N(0 o
220 /€2 — A2 | )\/62 — |AJ? N(0) 272 h?

1 de

2

dgq

S
S = N W A




The BCS model: Observables. Structure of quasiparticle wave functions.

for a given energy e

q=*q4

The BDG equation in a homogeneous superconductor has a general solution:

- Sxyt . EX[T . it AT
il (& , . - (& J . o €z L . . €z L . )
v e AV e 2\V, e TV e IV
1/2
: 1/9 ; 1/2 ) ;

It consists of

a particle with the group velocity along the momentum a hole with the group velocity opposite to the momentum

) . _ ig_x ig_x
u = Al L O it v = Be''=" + De "



The BCS model: Observables. The energy gap.

Alr) =V Z (1 —2fn) up(r)vs (r)

uv” = e"NUgVyq = —
2€q

A=V Z(l—zfq)E
q

We replace the sum with the integral

1= (3¢ £=+o0 mg I
g=0 e £= Fp 21217

o0

and notice that, in equilibrium,

1 —2fq = tanh (;—;)

Moreover,
cqdeq = {q déq

When £ varies from —oo to +00, the energy varies from A to +oc taking each
value twice. Therefore, the self-consistency equation takes the form

A=YV ;(l—2fq)gzﬁ'(0)1f /A| \/T anh( ) de

Assume that

V. = Vi e < E.
10, e> L.

Then we obtain the gap equation

E. 1
1= )\/ _ — tanh (
Al Ve




The BCS model: Observables. The critical temperature.

1

L.
1= [
NIV

_|A|2

tanh (%) de

Equation for the critical temperature T, at which A vanishes:

This reduces to

The integral

Here B = 4 /m ~ 2.26 where v = ¢“ ~ 1.78 and C' = 0.577. ..

constant. Therefore,

1 =X /L tanh ‘ ﬁ
f— . all QT{, .

1 E/2e panh o
1 / anh T
A 0 T
* tanh x |
/ dr = In(aB)
0 x |

At zero temperature:

E. .
= Arcosh (m) ~ In(2E./|A|)

Al = A0) = (7/)T. ~ 1.76T.

1. = (2v/m)E.e VA 1.13E ¢ /A

is the Euler



The BCS model: Observables. The condensation energy.

Average energy per volume in the superconducting state:
. 32

e oV U o)A@

Z <‘I’ (_1,()(.)HEJI’(_1,u.))A v

00y = [ dr |3
fd? Z ‘Iﬁ L) H, U(x (1)> = [( v o Ina (/ff*mHPf;n dg'r) -|—<’:r’.m_a’":r’_i_a>( O H v, (JB )]

n,m,ox

_ 9 Z [fn (/U-;HPM,?(Y'.BT') + (1= fn) (/ .-L,_n_HF?_.f;; d%)] = 22 en (fulun]® = (L= fo)|on]?) + Avyul (1 —2f,)]
— 22 nfn Fn‘ n| } ‘

Result:

<H>AZQZFHJCN 2ZFn‘fn|

\ J
/‘ ¥
energy of excitations \

Energy of the ground state
measured from the normal state

| B}




The BCS model: Observables. The condensation energy.

Energy of the ground state — the condensation energy:

. AP L AP
En = —Q;Fﬂ|ﬁn-’+l, :—Z(en—&n)+‘1,,‘

n
2

— _2N(0) /UL (VE+TAR —¢) de + |?‘

/nbc (VEZTAF - €) de = 5 [eVE+IAF - & +]aF (e + VE = [AP)]

AP JAR| (2 _ AR JAP
g 2> “\JA[) T 1 TNV

Here we use that |A < E.
Result:

N(0)[A(0)[7
2




The BCS model: Observables. The current.

The quantum mechanical expression for the current density:

i {witr,a) | (<inv - :—A) W(r,0)| + [(-.ah..v - :—A) ‘I»'T(_r,(.}r)] ‘I’(r,(.}f)}

. e | _ e | _ | | _ e |
i= =y [ fonul(r) (—-z.h.v — —A) un(r) + (1 = fn) va(r) (—-z-h-‘F - —A) v, (r) + c.c.
C ' ' ( '
In the presence of the supercurrent pairs have nonzero total momentum: A — |3|ﬁ’3k'r
'H-(I') — fﬁi(q_l_k/g)'r[fq ‘ 'U(I') — Hi(q k/}][ﬁ[:q

The energy spectrum takes the form:

hk . : :
€q = hq-vs + 4 (’gé + \ g|2 — hq v, + .gg” v, = — 1s the superconducting velocity.

 2m
1/2 1/2
T L[ ¢
Ug=— |1+ 2% Vg=—[1-22
! ﬁ( 55{”) ! \/5( e&“))

the gap vanishes for excitations with q antiparallel to v, if vy > v, Ve = |A|/ P | is the critical velocity




The BCS model: Observables. The current.

] 2he k o k 9 he 5 2 he 5
= — — - — — — | (1 — Vol = —k U= L— f Uq
J mo“ [(q_I_Q)fq q (q 2)( Ja) q] m Xq:[fq q m Zq faq — fa)Vq
1
= fleq) = _
i = he kZ[ (1— f(e(f‘)))l_.--'?] — Jo = M—”k = nev, flow of all particles with the velocity vy,
) m +d q 21
+2"'i q [ f (eg”))[-’; —(1—f (eg’)))l.---’cf] — vanishes after summation over directions of q.
T ) ' ' . .
hf , . . . .
k [ “) ] U2 —v?2 «— vanishes after summation over directions of q.
Z )| [Uq = V4] - after q
+2}JZ fleq) = feN] [U2+ V2] ~—— -jnorm = 2he q lf(e“”') — fleq)
m A/ a ‘4 a T m - d -
q
] norm — ENnormVs

The total current is:

J= e — Nporm ) Ve = €NgVy

g = N — Nnorm is the density of superconducting electrons



The BCS model: Observables. The current.

The calculation of the normal current for small superconducting velocity:

2he

T

Jnorm —

al /() - f(eq)

1 1
COWVETRAET Ly JETARhav)/T

f(e)) = fleq)

. 2h%e . df(g&m) I e S df(egj))
Jnorm = — ) Z q (q . Vs) —D = —— , vV, Z q’ . .
m. dfgl ) 3m ” dfg )
( 217 o0 (0) 0
21)14 €q 2 / (ff( ) df((c ) . df(F)
Hporm —_- — —j\- O n’ — —n q o, J
Nporm I (n 3 (0) . dﬁgj) g 1 / N _f_g} déq = —2n /¢| 5 ph

q q

For A = 0 we have n,orm = n.



The BCS model: Negative energies.

A =V Z (1 —2fn) un(en)vy, (€n)

- _Z L= 2/ (en)] un — L= 2f(=en)] U
n,e>0
vV o A o R
= 3 Z;D 1= 2/(e)] 5 - Z;D 1-2f(=e0)] 5
‘ A
n.;g“:f [ f( )] QE-n.

In e(.]uihbllum fi = 1—2f(e) = tanh % f2=0

Z — ‘rmlh —

an}D

n)Un(—€n)]



Problems to Section 1

1.1 Calculate the ground state energy of the normal Fermi gas. Express it via EF.

‘n

1.2 Derive the completeness conditions Z (s () (') + v (v, ()] = 6(r — ') and

Z’ [u” (r)v, (r") —u) (r")v,(r)] =0 from the Fermi commutation rules.

‘n
n

1.3 Derive the orthogonality condition.
1.4 Derive the expression for the quasiparticle flow P from the BDG equations and show that P is conserved.
G-ik‘r

1.5 Find the energy spectrum and the coherence factors for the order parameter A —

A
r-'

1.6 Derive the gap equation which determines the dependence of |A| on vg for the order parameter in the form

A=A

G_-zk—r

1.7 Find the temperature dependence of the gapat 1" — 7.
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