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Outline of mini-course and requirements

God made solids, but surfaces were the work of the Devil.

W. Pauli
Outline: preliminary

+ Lecture 1: Surface electronic states: Tamm, Schockley and image-potential states.
Quasiparticle interference and quantum corrals (July, 17)

+ Lecture 2: Scanning tunneling microscopy and spectroscopy. Quantum-well states and
tunneling interferometry (July, 18)

« Lecture 3: Surface, edge and domain-wall superconductivity in nanostructured hybrid
samples (July, 19)

x Lecture 4: Thermodynamic aspects of physics of surfaces and interfaces (July, 20)

Requirements:

+ Differential and integral calculus, including calculus of variations

+ Basics of quantum mechanics, solid-state physics, thermodynamics, and electrodynamics
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Qutline of current lecture

Introduction

*

+ Band spectrum and surface states in the tight-binding approximation

*

Band spectrum and surface states in the nearly-free-electron approximation

*

Quasiparticle interference and quantum corrals

* Image potential. Image-potential states as modified surface states

*

Stark-shifted image-potential states in linearly increasing potential
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Introduction
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Band spectrum of crystals: general consideration (1)

We consider an electron in a crystal with periodic arrangement of positively charged ions.
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It is well known that the solutions of the stationary Schrédinger equation

Hip(r) = E¢(r)

for electron in an arbitrary periodic potential V(r) = V(r + a) have a form of so-called
Bloch states — modulated plane waves of constant amplitudes

7~Z)n,k(r) = un,k(r) eik‘rv

where n is integer index, u, ,(r) = u, (r 4 a) is an arbitrary periodic function, and k is
the wave vector (quasi-momentum).
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Band spectrum of crystals: general consideration (2)

The energy of the Bloch electronic waves v, ,(r) = u, ,(r) €*" should generally depend
on the number of quantum state n n the wave vector k = p/h

En,k = En,k+Ka
where K is the reciprocal lattice vector
K = my by + m; by + m3 b3,

which can be presented as a linear combination of the primitive translation vectors in the
inverse k—space

[a x a3]
(a;, - [a, x a5])’

[a3 x a4]

(a; - [a, x a5])’

[a; x a)]

by =2m @[3 % 23]

b2:27T b3:27l'

Set of all electronic levels E, , for given n is called n—th allowed energy band. Set of E, ,
for all n determines the resulting energy structure of crystal.

It should be stressed that all these relationships are strict mathematical consequences of
translational symmetry and they are valid for any crystals of arbitrary dimension.

Presence of surfaces and internal defects immediately destroy N—dimensional periodicity of
crystal, what leads to a drastic modification of both energy spectrum and wave functions.
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Band spectrum of crystals: general consideration (3)

Figure was taken from Ashkroft and Mermin, Solid-state physics (1970).
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In 1D crystals energy allowed energy bands never overlap — below we focus on this case.

In 2D and 3D crystals allowed energy bands may overlap.
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Terminology

1. Tight-binding approximation

In the approach, the electronic wave functions are usually considered as a linear combination
of localized atomic orbitals (LCAO).

Surface states described in the framework of a tight-binding model are often referred to as
Tamm states (1932).

2. Approximation of nearly-free electrons

In the approach, the electronic wave functions are usually considered as plane delocalized
electronic waves.

Surface states described in the framework of a nearly-free-electron model are often referred
to as Shockley states (1939).

Thus, there is no strict physical distinction between Tamm and Shockley states, but the
mathematical approaches used in describing them are completely different.

| prefer to use generalized terms 'surface electronic states” or "'Tamm-Shockley states’.
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Part |

Band spectrum and wave functions
in the tight-binding approximation
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Band spectrum and wave functions (1)

Let Up(z) be non-perturbed potential energy of an electron around an isolated ion:

@
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The eigenfunctions 1p$,°)(z) and eigenenergies E\”), describing an electron in this single-well
potential, should meet the stationary Schrddinger equation

Ao v 0(2) = EX y0(2),

where Hy = —(h?/2m*) d?/dz? + Uy(z) is the Hamiltonian, n is integer index. A potential,
corresponding to the sum of the isolated potential wells

V(z) = Z Uo(z + ma),

should be the periodic function with the period a, where a is the lattice constant.
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Band spectrum and wave functions (2)

Wave functions ¢(z) of electron in the periodic potential V/(z) of arbitrary shape should
be the solutions of the stationary Schrédinger equation

Ay(z) = Ev(2),

where the Hamiltonian has the following from

f—— ( hz*) j—z +V(z) = Up(2) = {f ( hz*) :22 + Uo(z)} +V(2) - Up(2) =

2m 2m
= Ho + V(Z) — Uo(Z).

We note that the perturbation V/(z) — Uy(z) is negative (see figure at page 10).

For simplicity we consider the formation of the s—band, corresponding to n = 0. If
overlapping of the wave functions localized at neighbour cites are negligibly small, then
we can find the solution in the form of the superposition of non-perturbed wave functions
$©(z + ma), localized near m—th ion

= Z b 1 (z + ma).

In order to find the coefficients b,, we apply the variational principle of quantum mechanics.

Alexey Yu. Aladyshkin Surface electronic states July 17, 2023 (BIT, Beijing) 11/48



Variational principle of quantum mechanics

One can multiply both left-hand side and right-hand side of the Schrédinger equation
H(r) = Ex(r) by ¥*(r) and get the relationship

W (r) Ay(r) = EY™ (r)i(r).
After integration we come to the exact relationship

Jvr(r H?ZJ(
E= :

Replacing the exact solution (r) by a trial function wapp(r), we can estimate the eigenenergy

E. — f¢:pp(’) I:W)app(’) dv
P fw;pp(’)wapp(’) dv

Intermediate conclusion: the closer the approximate solution 1),,,(r) to the true wave
function t(r), the lower the estimate of the energy E,,,

min min fwapp(r)Hwapp( )
T Fo = f Wipp(F)app(r) dV

Alternative: seeking minimal zero value of an auxiliary functional

_ * ¥ .
F= /wapp(r)(H app)¢app( ) dV — min.
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System of equations for the coefficients b, (1)

Let us compose an approximate trial solution (aka ansatz) in the form of the linear
combination of the non-perturbed shifted wave functions 1(®(z)

bapp(2) = Y b ¥V (z+ ma) = by tom(2),

where

¥n(2) = V(2 + na)

is the ground-state wave function localized at the n—th ion.

After substitution 1),,,(z) into the auxiliary functional F, we get the following problem for
searching its minimal value

F= / Vapp(2) (FI - EaPP) Yapp(2) dz =

=35 bibn / Y (2) ((F/o — Eopp) + (V(2) = Uo(z))) Vm(2) dz.
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System of equations for the coefficients b, (2)
Taking into account that A = Ay + V(z) — Up(2) and Ao v (z) = E” {”(2), we get
F=3 3 bt [ 1) (A~ ) + (V(2) ~ ()] (@) b2 =
— Z S bbby, /1/1,*7,/(2) ((E(‘” —E)+ (V(2) - Uo(z))) bm(2) dz =
o _Zme/b [(E® — E) Sy = P ],

where
Spiom = / i (2)m(z)dz >0 and P m = / P (2) (V(2) = Up(2)) Ym(2) dz < 0

are the overlap integrals for the wave functions, localized at the atoms with different
indexes.

From the conditions dF /db;,, = 0 corresponding to the extrema of the functional with
respect to all b,, independently, one can get an infinite system of linear algebraic equation
for determination of the expansion coefficients b,

Zb [ E(O) )Sm’,m+ Pm/7m:| =0 (*)
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Energy spectrum for 1D periodic crystal (1)

Provided that the wave functions of electrons, localized at neighbour atoms, are practically
not overlapped and the probability of hopping of electron from one atom to next atom is
extremely small, one can consider the following simple expressions

Sm’,m = /w:r’ (Z) wm(z) dz = Sm/,m = 5m’,ma

P = / Ui (2) (V(2) = Up(2)) Um(2) dz = Poyy = 00y 0 <0,

is the Kronecker delta function. The system of equations (*) takes the form

where 6, .,

> bn [(E® = E) bpm+ a0mm| =0 = by [(E? —E) +a] =0

for all m.
It gives us the energy spectrum of electron in a periodic array of non-interacting potential
wells

E=E9 14,

In the other words, the parameter a < 0 describes the shift of energy of electron in
the periodic potential as compared with the non-perturbed energy of electron in a single
potential well.
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Energy spectrum for 1D periodic crystal (2)

In order to take into account non-zero probability of hopping of electron from one atom
to next, we have to consider the following expressions

Sm’,m = /"¢1;' (Z) ¢m(2) dz - Sm/,m = 5m’,ma
P = / Wi (2) (V(2) = Up(2)) om(2) dz =

'Dm’,m:aam’,m"‘/B(ém’,mfl+5m’,m+1)7 a<0, ﬂ<0

where the parameter o < 0 accounts the lowering of the mean potential energy and the
parameter 8 < 0 describes the amplitude of probability for tunneling m — m — 1 and
m— m+ 1.

After substituting S,/ , and P,
diagonal matrix equation

. into the system of equations (*), one can get a three-

by, (E<°> - E) fbya+p (bm,1 + bm+1) —0.
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Energy spectrum for 1D periodic crystal (3)

@

z z

The system of equations for electron in one-dimensional periodic potential is the following
by (E(O) —E+ a> +8 (bm,l + bmﬂ) =0.

We look for the solution in the form of a plane electronic wave of constant amplitude
b, = Be*™ where B is a constant independent on m; k is a real-valued wave vector.

After substituting of b, into the master equation, we get
ofkam (E(o) _E+ a) +8 (eika(m—l) + eika(m+1)) —o.
After rearranging one can get a band spectrum in the following form
E(k) = E® 4+ a+28 coska = E® — |a| — 2|4| cos ka.
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Energy spectrum for 1D periodic crystal (4)

It is easy to see that the ground-state discrete energy level for electron in a single potential
well generates an allowed s—band of the finite width 4|3| for electron in periodic potential:

E(k) = E® — |a| — 2|8] cos ka.
Extremal values:
Emin=E® —|a| =2|8] at k=0
Enox = E@ —lo| +2/8] at k=7

Reminder: =7r/a are the boundaries of the first Brillouin zone for 1D lattice.
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Band spectrum for 1D semi-infinite crystal (1)

It should be repeated that any boundaries and defects break periodicity and leads to non-
applicability of the Bloch theorem. Let the index m = 0 corresponds to the potential well
at the edge. It is reasonable to introduce a modified parameter aq for the last potential
well, what meets the criterion a < ay < 0.

m=1m=0

New system of equations accounting the difference in «

bo (E® —E+aq) +B(0+b)=0 form=0

b (E® — E+a) + B (bp1 + bmy1) =0 for m#0.
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Band spectrum for 1D semi-infinite crystal (2)

ikam

As before, we look for the solution in the form b,, = Ce"®", then the eigenenergy E,

should meet the equations
(E® —E +ag)+8e®=0 and (EY —E +a)+p(e"+e ™) =0.

We subtract the first equation from the second equation and find, that the allowed values
of k vector should satisfy the relationship
ika ﬂ

e = < 0.
oy — @

Apparently, this equation has no real-valued solution.

A complex-valued solution has the form k = ky — ig, where

" -
e =—-1 or ky=+—
a

and
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Band spectrum for 1D semi-infinite crystal (3)

After substituting e = 8/(cy — ) into the equation (E(o) —E .+ ao) +B8e* =0, one
can find the energy of the surface state

2
E.=E® oo+

apg —a’
It is easy to see that this energy is larger than the top of the allowed s—band

o/

Es - Emax = E(O) + ap +
(g — @)

(Bo+a+2i8)) =
1

9 :
—bnd Y
—27/a 77r‘/a 6 w/a 2r/a
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Surface states and Wullf-Bragg—von Laue resonance

The condition ky = 7/a corresponds to the Bragg resonance on the periodic structure.

The criterion of the coherent back-scattering of electronic waves by neighbor atoms with
indexes m and m+1

Asotota/ =2 koa =27n or kO = Ln
a

Ap = kya surface
= kya
$———> reflected wave incident wave
- <
L Ap =k | reflected wave ‘
O Mo T ol ~ A O A
N N I\ 1\ 1\
a |
R !
| \ |
m+1 m |
|
|
|

Important conclusion: if the real part of the wave vector k, of the incident electronic wave
meets the Bragg condition of resonant back-scattering (ko = mn/a), such wave cannot
pass through the periodic structure.

As a result, crystal acts like ideal mirror fully reflecting the incident wave with ky = wn/a.

Alexey Yu. Aladyshkin Surface electronic states July 17, 2023 (BIT, Beijing) 22/48



Part 11

Band spectrum and surface states
in the nearly-free-electron approximation
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Energy spectrum of free electron in 1D

Electron in free space £ _ k2
KT 2me

Electron in a periodic potential of infinitely small amplitude

2 2
w for arbitrary K = 2La".

2m

—27/a —71l/a

> O

It is well known that splitting of energy levels near the boundaries of the n—th Brillouin
zone at k = nK/2 = wn/a (points of degeneracy) is controlled by the amplitude of the
n—th Fourier component of periodic potential.
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Energy spectrum of electron in semi-infinite 1D potential (1)

Let us consider one-dimensional crystal terminated at z =0

0 at z >0,
V(Z)_{ V(z+a) atz<0,

where a is the period. We assume that potential energy of electron can be written in the
following form

V(z) = Vy + 2V, cos (%Tn z) — V4 V, e2mnz/a gy gmi2mnz/2

where V; is the mean value, 2V, is the amplitude of the n—th Fourier component of the
potential, kg, = K/2 = wn/a is the boundary of the — n—th Brillouin zone, K = 27n/a is
the reciprocal lattice vector.

We seek solutions of the Schrddinger equation

n d?
T P(z) + V(2)Y(2) = E(2),

inside the crystal in the form of combination of two non-uniform electronic waves

w(z) —A eikoz+qz + B eikoz—i27rnz/a+qz7

where g > 0 is the decrement. Such the presentation looks reasonable provided that the
the vector ky is close to the boundary of the Brillouin zone: ky ~ K /2 = wn/a.
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Energy spectrum of electron in semi-infinite 1D potential (2)

After substituting of the ansatz into the Schrédinger equation and rearranging, we get

2 i 2 )
_ erin* (Iko + q)2 Ae(rko+q)z _ 27;)* (Iko _ 1Zmn

+ (VO +V, ei27-rnz/a +V, efi27rnz/a) (A e(iko+q)z + Be(ik07f27rn/a+q)z) _

" q)2 B eliko—izmn/ata)z

- E (A e(ik0+q)z + Be(iko—i27rn/a+q)z) (*)

. . . | il . . .
Since travelling electronic waves e** and e with different wave vectors are linearly-

independent solutions, the equality (*) should be fulfilled for the components proportional
H il . . . . .
e and e*'Z independently. It gives us the system of equations for the determination of

parameters A n B (so-called secular equations)

2
A (vofh— (ik0+q)2—E) +BV, =0,
2m*
2 2
AV, + B (Vo—h—(iko—izﬂ—n+q) —E) —0.
2m* a
Nonzero solutions of uniform linear system of equation with zero right-hand parts exist if
a determinant of the corresponding matrix M is equal to zero
. 2 2 9 5

det M = Vo—h—(iko—&—q)z—E Vo—h—(iko—iﬁ—i—q) —E)-VZ=0.

2m* 2m* a
Surface electronic states July 17, 2023 (BIT, Beijing) 26/48



Energy spectrum of electron in semi-infinite 1D potential (3)

After solving this quadratic equation with respect to E, we get the energy spectrum

2 2
E-vot+ 2 i (k= 2" —og?—2iq (2k - 277\ Ly
2 2m* a a

2
1 N\, 2rn\? . 2mn ,
) e () et e

Generally speaking, the dependence of E on kg and g is a complex-valued function.

It means that non-uniform electronic plane waves with arbitrary parameters ky v g cannot
be stationary solution of the Schrédinger equation.

Indeed, the state with Im E # 0 is a decaying state

W(x,t) = A exp (ikx — iwt) and w:% and E=ReE—-iReE —

W(x,t) = A exp (ikx—iRe:’t> - exp (*lmf't)
1

There are two peculiar cases corresponding to Im E = 0 and possible stationary solutions.
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Energy spectrum of electron in 1D periodic potential

The general expression is

2 2
E=vVot b7 iz i (o= ) _og? —2ig (2K — 27" ) L &
2 2m* a a

2
1 A\, 2mn\* . 2mn )
:l:i (Qm*) {ko(koa) 72/(77 +4Vn

The eigen-energy E becomes real-valued function at g = 0 and arbitrary k:

2
h? omn\?| , 1 n2 \? omn\?
E(ko) =Vo+ ;— {k§+ (kof T) }i 5 (2m*> k2 — (kof T) +4V2
It means that plane electronic waves of constant amplitude are the stationary solutions of
the Schrédinger equation within the first Brillouin zone of bulk crystal.
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Standing electronic waves in 1D periodic potential

Constructive interference of two travelling plane waves of equal amplitudes results in a

ormation o Standlng wave with zero g oup ve|0CIty
( )
a

w(z) _ Aei'frz/a + Bemz/afi27rz/a — |A| (eié eiTrz/a_'_efiJ 71'71-2/3) _ A cos

15 , \
i \
| ‘\
N ,II \
\
5 1 f {
L '\ \
—_— !
I / \
S ! \
/
05} ¢/ \
// \
’ \\
0 15
0 1 2 -1 0 1 2
z/a

k/kp;
The boundaries of the n—th forbidden energy band at k, = wn/a
Vo + IPkg /2m* — |V,| < E < Vi + h2k§ /2m™ + |V,|

July 17, 2023 (BIT, Beijing)

The width of n—th forbidden energy band is equal to 2|V,|.
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Energy spectrum of electron in semi-infinite 1D periodic
potential (1)

The general expression is

2 2
E:v(,+1 f {k§+<k02:n) 2q22iq<2k027;")}i

2 2m*
LY e (- 2m) —aig2mn 2+4v2
2 2m* ° 0 a ' "

The eigenenergy E becomes real-valued function at ky = wn/a and arbitrary q. It gives us
the energy of the electronic state localized near the edge

n? n2 \? [/27n\?
Es(q)_VoJer*(kng)i\/Vanz (2m*) (T) :

Comparing E, with the boundaries of the forbidden band

Vo + h2k5 )2m* — |V,| < E < Vo + B2kG /2m™ + |V,|,

we conclude that the surface state belongs to the forbidden band.
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Energy spectrum of electron in semi-infinite 1D periodic

potential (2)

Alexey Yu. Aladyshkin

.///
— > Ee(q)
// \\\\\\
=0 R

Surface electronic states

k=mn/a
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Analytical solution of the full problem (1)

In order to determine the energy of the surface electronic state and other relevant parameters,
one should match the non-uniform electronic wave function inside the crystal

bin(2) = Ae™/39E L pemimnz/ata o, g
with the exponentially-decaying wave function outside the crystal
Your(z) =Ce ™™ at z>0
together with their first derivatives di/dz at z =0
Here ¢ > 0 and p > 0 are the coefficients, which characterizes the rate of decaying of the

wave functions inside and outside the crystal, correspondingly.

Solution: surface state exists only at Vy < 0 and V,, < 0 provided V = 0 at vacuum side.
see Goodwin, Proc. Camb. Phil. Soc. (1939)

. . h2 2 1
A=¢% and B=e"0 where cos?6= . (W—n) . (

2m* a -V, -V,
1
q:——-ﬂ—n~ " sin2§ and p+q:7r—ntan6
2 a o a
12 p? —V,)? W2 smny2 —-Vy)(—V,
E = - ”*:v0+(70)2 *(f)er.
2m (=V, — V)2 2m* \ a (Vo — V,)
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Analytical solution of the full problem (2)

win(z) _ Aei7‘rnz/a+qz +B efiﬂnz/a+qz at z<0

Youe(z) =Ce™™ at z>0
(a) -0.5
\\
\\
o \
S,_ -1 O\ o E/E,
3] |
!
/
7/
7
7 -2 V(2)/E,
-15
0 0.1 0.2 -10 5 0
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Surface electronic states: numerical simulation

Considered model profile of potential energy (V4 < 0 and V, > 0)

V(z) = Vo + 2V cos (2%2) + 2V, cos (%Tz>

o [Pn(2)]

%
?
i
|

-10 0 10 20
z/a
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Generalization for three-dimensional case

Localized one-dimensional solutions 1,(z), considered above, can be generalized for three-
dimensional crystals. For nearly-free electron gas the wave function can be written in the
following form

w(r) —A- ekax+ikyy X wn(z)

and it corresponds to nearly-free 2D electrons. Here x and y are the lateral coordinates,
k. and k, are the components of the wave vector along the surface.

The energy of nearly-free 2D electrons is

W2 k? N B2 k?

E"’k” T om T 2me

+ En,

provided that |k,| < ksg n |k,| < ksg, where kgg is the boundary value for the surface
Brillouin zone.

Thus, each surface state generates a subband of surface states in 3D bulk crystals. The
density of surface states is about 10°cm™2, i. e. it is of the order of the number of atoms
at surface per 1cm?.
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Part Il

Quasiparticle interference and
quantum corrals

Alexey Yu. Aladyshkin Surface electronic states July 17, 2023 (BIT, Beijing) 36/48



Quasiparticle interference (QPI1) near defects at surface

Elastic scattering of surface waves at defects leads to peculiar interference patterns

@ _ (b)
I perfect reflection i
e | strong reflection
x I
N 90 ) =
 — [ —— e —
| L — =
T I
0 L, weak reflection I

Nonuniform local density of states (see a detailed explanation at the next lecture)

[k
LA f A A LA NN SN NN NN\ -A
<
<
0 \ \ \
0 20 40 60 80

2kyx
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Quasiparticle interference and quantum corrals

Adatoms Fe on atomically flat Cu(111) surface

Crommie, Lutz, Eigler, Heller, Surf. Rev. Lett., vol. 2, 127-137 (1995)
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Part IV

Image-potential states.
Stark-shifted image-potential states
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Image potential in electrostatics

It is known that a probe charge located outside a conductive sample generate a charge at
the surface of the opposite sign. The interaction of the probe charge with the charged flat
surface of bulk sample can be viewed as the electrostatic interaction of the probe charge
and the mirror (image) charge. A Coulomb force acting between point charges e and —e

at a distance 2h as well as corresponding potential are equal

+oo
1 € N 1eé
D)= —Z e o U@ = Euc— [ F(W)aW = B D
b
@ O e s
0
al /b E,
<—h>
—————— & | -0 /
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Surface electronic states in the image potential (1)

Electrons can be potentially localized in the effective potential well formed by the Coulomb
image potential from one side and the surface of the crystal from the other side.

If the energy of the image-potential states is in the forbidden band of bulk crystal,
such states can be quasi-stationary and slowly decaying, affecting optical and transport

properties of nanostructured samples.
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v d —
SINTERPLANAR SPACING

FIG. 2. Energy and spatial scales characterizing image states on metal surfaces. Shown are the fundamental (n=1) image
state, with no nodes in the vacuum region, and the first excited (7 =2) image state, with one node. Also shown are the effec-
tive one-electron potential and the bulk energy-band structure that produce these image states. The quantity zo (taken to be
~1 A) specifies the distance from the surface beyond which the potential is purely Coulombic (imagelike). The parameters
A, width of the gap, its position, and the Fermi energy Ey have been taken from self-consistent band-structure calculations
(Ref. 12). The imag:
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Surface electronic states in the image potential (2)

Let us assume that (i) E,,. = 0 and (ii) the energy of the localized states belongs to the
forbidden band of bulk crystal. The effective potential for non-transparent wall at z =0
can be written in the form

00 at z < 0,
U(z) = { —e®/4z  atz >0,

where z is the distance measured from the surface, a = 0 and b = € /4|E,| are classical
turning points for a particle with energy E, = —|E,|.

Within quasi-classical Wentzel-Kramers-Brillouin (WKB) approximation, one can estimate
the change of the phase of the electronic wave function for the round trip (a — b — a)

h/ dz+<pb+h/ p(z)) dz + ¢, = 27n,

where ¢, and ¢, are the phase shifts for reflected waves at points a and b, correspondingly;
n=0,1...is the number of quantum-well state.

After rearranging, we come to the Bohr-Sommerfeld quantization rule

_Pa P 3
2r 2w 4
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Surface electronic states in the image potential (3)

Afetr substituting p(z) = \/2mo (E — U(z)) into the Bohr-Sommerfeld quantization rule,
we get
1 1 / 2
e mo 7
2 f P *h/ —U@)dz =G e s T
0

As a result, the spectrum of the localized electronic states in the image-potential with
non-penetrable well is given by a simple relationship

moe* 1 1 Ry

go=-me 1 _ 1 Ry
321 (n+4)* 16 (n+7)?

rae Ry(rydberg) = me*/(2%) = 13.6 €V is the ionization energy for hydrogen atom in the
ground state.

The factor 1/16 reflects the fact that the distance is measured from the surface, what as
twice as smaller than the distance between the centers of the probe and image charges.

Flat surface of bulk conducting crystal can be considered as two-dimensional analog of
hydrogen atom.
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Surface electronic states in the image potential:
numerical simulation
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Stark-shifted image-potential states (1)

The shift of the quantum-well states in an uniform electrical field (i. e. in a linearly
increasing potential) is analogue of the Stark effect for hydrogen-like atom in electric
field.

Ni (100) " TUNNEL
7/ // s BARRER  TIP voc
/// = (@) (b)
Z 5_%
1=
-d
79 BVTEVOC_ o 19
3leV ! n=2 . 10 20 z(R)
] n= n=
Z ]
// Ee] F=03V/R
Z ]

FIG. 1. Energy diagram for the electrostatic potential (including image) at a metal surface. On the left, the projected bulk
band structure of the Ni(100) surface is shown shaded. Note the 7.1-eV band gap straddling the vacuum level E,,.=0. (a)
For simplicity, only the » = 1 and # = 2 hydrogenic (quantum defect) energy levels are shown. (b) The surface corrugation af-
fects the electronic x,y movement pulling the levels down, as seen by inverse photoemission. (c) Expansion and shift of the
image-state spectrum by an applied field, F. The heavy solid line is the crystal potential plus the field potential.

Binnig, Frank, Fuchs, Garcia, Reihl, Rohrer, Salvan,... Phys. Rev. Lett., vol. 55, 991-994 (1985)
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Stark-shifted image-potential states (2)
We can neglect the contribution of the image potential and assume that the potential
energy near the flat metallic surface has the following linear shape

| npn z < 0,
V(z)_{ U'+F*-z npuz>0;

with the non-penetrable wall at z = 0. Here U is the bias voltage, U* = Ep + W, — |e|U is
the energy of the bottom of the triangular potential well, and F* is the effective electrical
field near the surface.

The Bohr-Sommerfeld quantization rule is

b
%/p(z)dz:n—l—l—fy7 n=12 ...

where a =0 and b= (E — U")/F™ are classical turning points, my is mass of electron in
vacuum, n is integer index, v ~ 3/4.

After substituting p(z) = \/2mq (E, — V(z)) and integration, we arrive at the spectrum
of the quantum-well states in the triangular potential well

2/3
3 wh 1
E,=Er+W,—lelU+{ - ——=F, - |n—=> .
. e {2 e ( 4)}
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Stark-shifted image-potential states in a linearly increasing
potential: numerical simulation
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